Abstract
Introduction
The Web has become a global tool for sharing information. It can be represented as a huge graph which consists of billions of hypertext web pages connected by hyperlinks pointing from one web page to another [4, 11] . Each web page is part of a larger web site, which is loosely defined as a group of web pages whose URL addresses use the same domain name, such as cs.ucl.ac.uk and ieee.org.
Studying and understanding the Web's topological structure is important as it may lead to improved techniques for information retrieval. Link structure of the Web has been used in algorithms like Pagerank [16] and HITS [9] to estimate the importance of web pages, and in [8, 3, 10] for community discovery and clustering. These algorithms do not typically use the internal link structure within a web site, but rather, rely on external links between web sites. Nevertheless, the internal structure of a web site is important. For example the statistical property of web site link structure may be used as an informative measure of web site quality, e.g. navigability [20] .
There is surprisingly little study of the structural properties of web sites in general. Certainly, it is well known that examination of the graph structure of an individual web site can be used to calculate the mean diameter of the web site, and other metrics, that can then be used to infer properties regarding the navigability of the web site. However, we are unaware of prior work that provides a statistical topological characterization of all web sites. As such, web sites, as opposed to the Web, are often considered to exhibit an arbitrary statistical topological structure.
However, this study reveals that the topology of web sites is not arbitrary. In fact, examination of the triangle coefficient (the number of triangles of a node) as a function of degree (the number of links of the node) reveals a very strong correlation across web sites, suggestive of a possible invariant of web site link structure. Moreover, this third-order property varies across other networks, such as the Web, the Internet and citation networks. Thus, it appears to strongly characterise web sites. This paper is organised as follows. In Section 2 we introduce a number of topological metrics which have been used to characterise and compare network structures. In Section 3 we introduce the datasets used in this study. These consist of 18 web sites which vary in size from a few thousand pages to millions of pages. The web sites cover a broad range of entities: 9 government sites from various countries, 3 commercial sites, 3 educational sites and 3 very large sites, (IEEE, Wikipedia, Yahoo!). In Section 4 we present our statistical results and discuss the implications. In addition to comparing data across web sites, we also compare with (i) subsets of the Web, (ii) a citation network, (iii) the AS-level Internet network, and (iv) the generative model of Barabási and Albert [2] . Section 5 summarises the key results and discusses how this work can be used to improve generative models of hypertext networks.
Definition of Topological Properties
We briefly review and define the following topological properties, which are grouped into three orders according to the scope of information required to compute them [12] . These are (i) the 1 st -order properties, e.g. degree distribution, (ii) the 2 nd -order properties, e.g. degree correlation and rich-club connectivity, and (iii) the 3 rd -order properties, e.g. triangle coefficient and clustering coefficient.
The 1
st -Order Properties The link structure of a web site can be described as an undirected graph on which a node represents a web page and a link denotes the existence of at least one hyperlink connection between two nodes. The connectivity, or degree k, of a node is defined as the number of links, or neighbours, the node has. For example in Figure 1a , node A has four neighbours B, C, D and E, and its degree k A = 4. A web site can also be described as a directed graph on which each link has a direction pointing from one node to another. The in-degree k in of a node is then defined as the number of incoming links and the out-degree k out the number of outgoing links. For example in Figure 1b , node A has three incoming links from nodes B, C and E, i.e. k in = 3, and two outgoing links to nodes C and D, i.e. k out = 2. This paper studies web sites link structure as undirected graphs unless specifically stated.
The degree of a node measures a node's local connectivity. Topological properties calculated by using the degree of individual nodes are classified as 1 st -order properties, e.g. the average degreek of nodes in a network.
Degree Distribution
The most studied topological property for large networks is the degree distribution P (k), which is defined as the probability that a randomly selected node has degree k. A random graph [7] is characterised by a Poisson degree distribution where the distribution peaks at the network's average degree. It has been reported that a number of networks [2] follow a power-law degree distribution,
This means that most nodes have very few links, while a few nodes have a very large number of links.
The 2 nd -Order Properties
Topological properties are classified as 2 nd -order properties if they are based on the degree information of the two end nodes of a link, such as the joint degree distribution P (k, k ′ ) [6] , which is the probability that a randomly selected link connects a node of degree k with a node of degree k ′ . The 2 nd -order properties provide a more complete description of a network's structure than the 1 st -order properties. For example the degree distribution can be obtained from the joint degree distribution:
Degree Correlation
The nearest-neighbours average degree, k nn , of k-degree nodes [17, 22] , is a projection of the joint degree distribution, given by
A network is called an assortative network if k nn (k) increases with k, which means nodes tend to attach to similar nodes, i.e. high-degree nodes to high-degree nodes and low-degree nodes to low-degree nodes ('assortative mixing'). Many social networks are assortative networks. A network is a disassortative network if k nn (k) decreases with k, i.e. high-degree nodes tend to connect with low-degree nodes and vice versa ('disassortative mixing'). This is the case for most information and communications networks. A network's degree correlation, or mixing pattern, can be summarised by a single scalar called the assortative coefficient [14, 15] ,
where L is the number of links and s i , d i are degrees of the end nodes of the ith link with i = 1, 2, ..., L. The value of α is in the range of [−1, 1]. For assortative networks α > 0 and for disassortative networks α < 0.
Rich-Club Connectivity
The rich-club connectivity [26, 5] measures how tightly the high-degree nodes, rich nodes, interconnect with themselves. If N >k is the number of nodes with degrees large than k and they share E >k links between themselves, the rich-club connectivity is defined as
where N >k (N >k − 1)/2 is the maximum possible number of links that the N >k nodes can have. For example in Figure 1a , there are five nodes (A, B, C, D and E) with degrees larger than 2 and they have 8 links between them, thus ϕ(2) = 8 5×(5−1)/2 = 0.8, which means the 5 bestconnected nodes are 80% fully interconnected. The richclub connectivity is a 2 nd -order property because whether a link belongs to E >k depends on the degrees of the link's two end nodes. The rich-club connectivity is a different projection of the joint degree distribution,
where N is the total number of nodes and k max is the maximum degree in a network. The rich-club connectivity does not trivially relate with the degree correlation [24] . For example the two graphs shown in Figure 2 are both disassortative networks, but for the 3 best-connected nodes in Figure 2a , φ = 1, and in Figure 2b , φ = 0.
The 3 rd -Order Properties
The 3 rd -order properties are based on connectivity information between three nodes that form a triangle.
Triangle Coefficient
The triangle coefficient ∆ is defined as the number of triangles a node shares, which is equivalent to the number of links among the node's neighbours [25] . Triangle is the basic unit for network redundancy. The more triangles, the more alternative paths between nodes.
In-triangle and out-triangle coefficients On a directed graph, a node's neighbours can be divided into two groups: in-neighbours, which are connected with incoming links; and out-neighbours, which are connected with outgoing links. An in-triangle of a node consists of the node and two of its in-neighbours, and an out-triangle consists of the node and two out-neighbours. For example in Figure 1b , node A has two in-triangles ABC and ACE and one out-triangle ACD, therefore node A's in-triangle coefficient ∆ in is 2 and out-triangle coefficient ∆ out is 1.
Clustering Coefficient
A more widely studied 3
rd -order property is the clustering coefficient C, which is defined as the ratio of actual links among a node's neighbours to the maximal possible number of links they can share [23] . The clustering coefficient of a node can be given as a function of a node's degree and its triangle coefficient,
Two nodes with different triangle coefficients can have the same clustering coefficient. For example in Figure 1a , node B has three neighbours and one triangle and node C has six neighbours and five triangles (CBA, CAD, CAE, CED and CF H). However, their clustering coefficients are the same:
Therefore one should use the triangle coefficient to infer the clustering information of nodes with different degrees.
Datasets
Here we briefly summarise the various datasets used in this study.
Web sites
We exhaustively crawled the 18 web sites of the organisations listed in Table 1 : 1) the national audit office or equivalent of Canada (AO-CA), Italy (AO-IT), the United Kingdom (AO-UK) and the United States (AO-US); Each crawl was started from a web site's homepage and was restricted to the web site's domain as listed in Table 1 . The crawler was configured to allow for complete site acquisition and collected all web pages up to a depth of 18. The default parameters were a 5-second delay between requests to the same host, and 10,000 attempts to retrieve pages that fail with a 'soft' error [20] . We discarded hyperlinks pointing to web pages outside the web site's domain and removed self-loops and duplicated hyperlinks.
We are aware of a number of available data sources of the Web. We did not extract web sites data from them because they aim to sample the entire Web and contain very incomplete information of the internal link structure of individual web sites. For example the Stanford WebBase data (http://dbpubs.stanford.edu:8091/˜testbed/doc2/WebBa contains only 400 web pages with NASA's domain name (nasa.org).
Web
WT10g is a mega dataset of the Web proposed by the annual international Text REtrieval Conference (TRECs, http://trec.nist.gov). WT10g is constructed from more than 320 gigabytes of archived data containing 1.7M web pages and hyperlinks between them. It is reported that WT10g retains properties of the larger Web [21] and has been used as a data resource for research on Web retrieval and modelling. We randomly sampled 10 subsets of WT10g, each of which contains 50,000 web pages and links between those pages. In this paper we use the average properties of the 10 WT10g subsets as an approximation of the Web's link structure.
Citation Network
The citation network [19] data was extracted from the online computer science publication database CiteSeer (http://citeseer.ist.psu.edu/). The CiteSeer data contain 575K entries, from which we extracted 244,864 records having at least one reference (outgoing link) or citation (incoming link).
AS Internet
The Internet topology at the autonomous systems (AS) level has been extensively studied in recent years [18, 25, 13, 12] . On the AS Internet, nodes represent Internet service providers and links represent connections between them. In this paper we use the AS Internet dataset ITDK0304 collected by CAIDA [1] .
Barabási-Albert Model
The Barabási and Albert (BA) model [2] has been widely used in the study of complex networks. This model shows that a power-law degree distribution can be produced by two mechanisms: growth, where the network "grows" from a small random graph by attaching new nodes to old nodes in the existing system; and preferential attachment, where a new node is attached preferentially to nodes that are already well connected.
Results
Here we summarise our experimental findings. We examine a variety of first, second and third-order topological properties and compare them across the various web sites. We then compare the topological properties of web sites with other networks, specifically, the Web, AS network, a citation network, and the generative network of Barabási and Albert.
Comparison between the web sites

The 1
st And 2 nd -Order Properties
As shown in Table 1 , the size and the average degree of the web sites vary significantly. The foreign office web sites have very large average degrees, whereas the three large web sites with millions of web pages have very small average degrees. Figure 3a , b and c illustrate the degree distribution P (k), the degree correlation k nn (k), and the rich-club connectivity φ(k) of the 18 web sites on a log-log scale. Also shown are their average properties, depicted by circles 1 . It is clear that the 1 st and 2 nd -order properties of the 1 The average degree distributionP (k) is obtained as such: for a given k, if at least X ≥ 12 of the 18 web sites have P (k) > 0, then web sites exhibit huge variations over several orders of magnitudes. Thus, the web sites cannot be well characterised by the average of these properties. For example, in Figure 3c , some web sites with nodes of degree k > 100 are almost fully interconnected with themselves, i.e. φ ≈ 1, whereas in other web sites the interconnectedness is much looser, with φ less than 0.001.
The 3
rd -Order Properties Figure 3d shows the complementary cumulative distribution of the triangle coefficient P c (∆), which is the probability that a node's triangle coefficient is larger than ∆. Figure 3e shows the relationship between triangle coefficient and degree ∆(k), i.e. the average triangle coefficient of k-degree nodes. Although the web sites do not show an agreement on P c (∆), they do exhibit a clear correspondence on ∆(k). Some web sites have sharp spikes on their ∆(k) curves. These spikes reflect the existence of star-like subgraphs in these web sites, e.g. a web page with a long list of hyperlinks pointing to documents or images. Compared to the large number of web pages contained in a web site, the limited number of such spikes are not statistically significant. The average over all the web sites of the triangle coefficient as a function of degree is also depicted in Figure 3e , see circles, and is a smooth curve, which well represents all the web sites. This is suggestive of a structural invariant of web sites. Figure 3f shows the web sites show a similar correspondence on the relationship between clustering coefficient and degree C(k). Note that the average clustering coefficient, depicted by circles, is not a monotonic function of degree. This is because the clustering coefficient is itself a function of the degree and triangle coefficient. In the following we do not consider C(k) further, as the triangle coefficient, ∆(k), contains all information provided by C(k).
Comparison with other networks
Here we compare the topological properties of the average over all web sites, with those of other networks, specifically the Web, a citation network, the AS Internet, and the BA model. Figure 4a shows that the degree distribution of the Web, the citation network, the AS Internet and the BA model can be well described as a power-law P (k) ∼ k −γ with 2 < γ < 3. However the average degree distribution of the web sites is very different: for k < 10 or k > 30, it can be described as a power-law; but for 10 < k < 30, the distribution increases exponentially with degree. Figure 4b shows that the citation network and the AS Internet are typical disassortative networks where k nn decreases monotonically with k. The BA model is an example of a neutral network where k nn does not change with k. For the average of the web sites, and the Web, k nn first increases and then decreases with k, and peaks at k = 30 and k = 15 respectively. For large degrees, the average k nn of the web sites is significantly larger than all other networks. Figure 4c shows that the AS Internet has the highest richclub connectivity, with a fully interconnected core, i.e. φ(k) = 1, for k > 200. The citation network has the lowest rich-club connectivity. Although the BA model is very different from the web sites when measured by k nn (k), the two exhibits similar rich-club connectivity for k > 10. Figure 4d shows that the web sites contain significantly more triangles than all other networks. The high density of triangles ensures the navigability of the web sites. Figure 4e shows that, in general, all the networks exhibit a positive correlation between triangle coefficient and degree. This is because the larger the degree of a node, the more neighbours a node has, and thus the higher the chance of forming triangles. As discussed in Section 4.1.2, all the web sites exhibit a very similar relationship between triangle coefficient and degree, that is well characterised by the average over all the web sites. The average correlation between triangle coefficient and degree of the web sites can be closely fitted by a function given as f (x) = 0.064x It is clear that the relationship between triangle coefficient and degree is different from the other networks. The BA model exhibits the lowest number of triangles as a function of node degree, followed by the citation network, and then the AS Internet. For degree k < 30, the Web data closely follows that of the average over web sites, but diverges thereafter. Figure 4f examines the three relationships of (i) triangle coefficient versus degree ∆(k), (ii) in-triangle coefficient versus in-degree ∆ in (k in ), and (iii) out-triangle coefficient versus out-degree ∆ out (k out ), for the citation network and the average over all 18 web sites. That is, here, we consider the networks as directed graphs.
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For the web sites, these three relationships closely overlap one another. This means the probability of forming triangles with a web page's in-neighbours or with its outneighbours are the same. However, for the citation network, ∆ in (k in ) is one order of magnitude larger than ∆ out (k out ) for the same degrees. This means the probability of a paper forming triangles with its citations (in-neighbours) is significantly larger than it forming triangles with its references (out-neighbours).
This structural difference between web sites and the citation network may reflect their different evolution dynamics. For a citation network, when a paper is published all its references existed before the publication of the paper and, of course, cannot be changed. However, a paper can always acquire new citations, and these citations may reference other citations (thus continuing to form triangles). In contrast, for a web site, web pages and their associated hyperlinks can be added, deleted or revised at any time. For web sites, there is no equivalent to a reference to a page that remains static and unable to be changed in the future.
Conclusion
We examined a number of topological properties of hyperlink data crawled from 18 diverse web sites. Our empirical results showed that the link structures of the web sites are significantly different when measured with 1st and 2nd-order topological properties. This is probably to be expected since the web sites are designed for different purposes and developed independently. However we observed that web sites share a common 3rd-order topological property, the relationship between triangle coefficient and degree. This common relationship is unexpected and suggestive of a topological invariant for web sites. Comparison with the Web, the AS Internet, a citation network and the Barabási-Albert model showed that this third-order property is not shared across other types of networks. Thus, this property appears to strongly characterise web sites. The physical meaning of this 3rd-order property is that given the number of hyperlinks to and from a particular web page, we can statistically estimate how the web page's neighbouring pages are interlinked; and this statistical estimation is valid for all web sites.
Further evaluation on a wider variety of web sites is needed to verify that this 3rd-order property is an invariant. If so, then the fundamental question is why? Possible explanations include standardised web site designing principles, popular web site developing tools, or universal evolution dynamics which fundamentally reflect the common nature and function of web sites as a way of organising and disseminating information. The answer to this question may prove valuable for research on a number of issues, such as modelling web site and other document networks, recommendations for building web sites in the future, optimizing search engine algorithms, and understanding the fundamental principles governing the evolution of the Web.
